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There has been considerable interest in materials exhibiting negative or zero compressibility. Such
materials are desirable for various applications. A number of models or mechanisms have been proposed
to characterize the unusual phenomena of negative linear compressibility (NLC) and negative area
compressibility (NAC) in natural or synthetic systems. In this paper we propose a general design tech-
nique for ﬁnding metamaterials with negative or zero compressibility by using a topology optimization
approach. Based on the bi-directional evolutionary structural optimization (BESO) method, we establish a
systematic computational procedure and present a series of designs of orthotropic materials with various
magnitudes of negative compressibility, or with zero compressibility, in one or two directions. A physical
prototype of one of such metamaterials is fabricated using a 3D printer and tested in the laboratory under
either unidirectional loading or triaxial compression. The experimental results compare well with the
numerical predictions. This research has demonstrated the feasibility of designing and fabricating
metamaterials with negative or zero compressibility and paved the way towards their practical
applications.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Compressibility is a measure of the relative volume change of a
solid or ﬂuid as a response to a pressure change. Usually a material
contracts in all directions when the pressure increases. However
there are some exceptional materials which expand under hydro-
static pressure in one or two directions. Such phenomena are
known as negative linear compressibility (NLC) and negative area
compressibility (NAC), respectively. In recent years, there has been
increasing interest in the negative compressibility behavior,
mostly due to its many potential applications such as sensitive
pressure sensors, pressure driven actuator and optical telecommu-
nication cables. At the molecular or nanostructural level, a few
materials displaying NLC have been found, e.g. Ag 3[Co(CN)6]
(Goodwin et al., 2008), methanol monohydrate (Fortes et al.,
2011; Grima et al., 2011b), zinc dicyanoaurate (Li et al., 2012). At
the micro and macro levels, Baughman et al. (1998) have proposed
a wine-rack mechanism to explain the NLC effect. Weng et al.
(2008) have presented a list of crystals that exhibited NLC.
Barnes et al. (2012) have proposed tetragonal beam structureswhich display NLC effect. One mechanical property which may
accompany NLC or NAC is the negative Poisson’s ratio (i.e. auxetic).
This has been investigated based on a model of 2D hexagonal hon-
eycomb which is similar to certain types of open cell foams
(Nkansah and Hutchinson, 1994) (Grima et al., 2011a). The 3D
equivalence of the honeycomb is an elongated hexagonal dodeca-
hedron system. Grima et al. (2012) have presented a detailed
analysis of the system to assess the auxetic and NLC/NAC effect.
An immediate application of NLC/NAC materials is the optical
component in interferometric pressure sensors due to the higher
sensitivity achieved by a combination of large volume compress-
ibility with negative linear compressibility (Cairns et al., 2013).
With further understanding the mechanisms of negative com-
pressibility, NLC/NAC materials also have potential to be used as
efﬁcient biological structures, nanoﬂuidic actuators or as compen-
sators for undesirable moisture-induced swelling of concrete/
clay-based engineering materials (Cairns et al., 2013).
It is noted that all the above known NLC and NACmaterials have
a pre-determined topology. If the topology of the material micro-
structure is allowed to be changed or ‘‘designed’’, it opens up many
possibilities for ﬁnding new materials with NLC/NAC effect. There
has been extensive work on material design using topology
optimization, covering various properties such as stiffness,
Nomenclature
E the elastic matrix of the base material
EH the homogenized (effective) elasticity matrix
of cellular material
EHij the effective elastic constants
CH the homogenized compliance matrix
(the inverse of EH)
Cij the effective compliance constants
NE the number of elements
e0i the ith unit strain ﬁeld
Ye the volume of the given domain
ei the induced strain ﬁeld
bLi the linear compressibility in axis i (i = 1, 2, 3)
bAij the area compressibility in the ij plane
bv the volume compressibility
p a stress factor or a penalty parameter
pupper the upper bound of p
V the prescribed total volume
Ve the volume of element e
Vk the total volume at iterations k
xe the design variable, with xe ¼ xmin for void
and xe = 1 for solid
k Lagrangian multiplier
Eb1 the Young’s modulus of the base materials 1
Eb2 the Young’s modulus of the base materials 2
q a penalty factor, with typical values being equal to or
greater than 3
rmin the minimum ﬁlter radius
ae the sensitivity number of element e
~ae the weighted average sensitivity number of element e
NR the total numbers of elements removed
NA the total numbers of elements added
NEthre the number of elements above the threshold
ARmax the maximum allowable number of elements added in
one iteration
Rmax the maximum allowable ratio of elements added or
removed in one iteration
e the induced strain ﬁeld
f L the Lagrangian function
1
E the compliance constraint
f con the stiffness constraint
Ei Young’s modulus in direction i
v ij Poisson’s ratios in the ij plane
r the stress vector
P the general objective function
E0 Young’s modulus of TangoPlus material
l0 Poisson’s ratio of TangoPlus material
Em Young’s modulus of the cover material used in triaxial
tests
lm Poisson’s ratio of cover material used in triaxial tests
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2003). A recent study has used topology optimization for designing
electromagnetic materials with negative permeability (Zhou et al.,
2011). However, to the authors’ best knowledge, there has been no
work reported on systematic design of NLC/NAC materials using
topology optimization. In this study, we shall develop a general
technique for designing materials with negative or zero compress-
ibility using topology optimization.
The optimization method used here is based on the
bi-directional evolutionary structural optimization (BESO). The
basic idea of BESO is that by gradually removing inefﬁcient mate-
rial from a ground structure and redistributing the material to the
most critical locations, the structure evolves towards an optimum.
For a 3D continuum material the ground structure is a unit cubic
cell and the material properties (e.g. elasticity matrix) is deter-
mined using the homogenization theory (Hassani and Hinton,
1998). The extensive work on BESO has been presented in various
publications (Huang and Xie, 2010; Querin et al., 1998; Yang et al.,
1999). BESO has also been successfully applied to a wide range of
material design problems, e.g. maximum bulk or shear modulus
(Huang et al., 2011), tailored stiffness orthotropy (Yang et al.,
2013), functionally graded materials (Radman et al., 2013) and
multi-scale design of composite materials and structures
(Zuo et al., 2013). These materials can be constructed as arrays of
microstructures and then fabricated using advanced manufactur-
ing technologies such as additive manufacturing (Challis et al.,
2010).
Here we apply the BESO method to the design of materials of
four types, namely, NLC, NAC, zero linear compressibility (ZLC)
and zero area compressibility (ZAC). The mathematical formula-
tion, optimization procedure and various examples are presented.
A physical prototype of one of designed materials is fabricated
using a 3D printer and tested in the laboratory under both unidi-
rectional loading and triaxial compression. The experimental
results are compared with the numerical predictions.2. Determining linear, area and volume compressibilities of a
material by homogenization
A cellular material consisting of a base material and voids is
often modeled as a microstructure of a periodic base cell (PBC)
using ﬁnite element (FE) analysis. According to the homogeniza-
tion theory (Hassani and Hinton, 1998), the effective elastic
constants can be expressed as
EHij ¼
XNE
e¼1
1
Ye
Z
Ye
ðe0i
T  eTi ÞEðe0j  ejÞdYe
 
ði; j ¼ 1 to 6 for 3DÞ
ð1Þ
where E is the elastic matrix of the base material, NE is the number
of elements, e0i is the ith unit strain ﬁeld, Ye is the volume of the
given domain and ei is the corresponding induced strain ﬁeld. The
implementation of the homogenization has become a standard pro-
cedure, as detailed in many publications, e.g. Hassani and Hinton
(1998). For 3D materials, it involves applying six cases of periodic
boundary conditions and unit strain ﬁelds. Then the 6 6 EHij make
up the elasticity matrix EH . The homogenized compliance matrix CH
is the inverse of EH , i.e.
CH ¼ ½Cij ¼ EH1 ð2Þ
As the materials studied here is orthotropic, there is no axial-shear
coupling and thus the 3  3 sub-matrix of the axial components can
be extracted as below
CHA ¼ ½CAij  ¼
C11 C12 C13
C21 C22 C23
C31 C32 C33
2
64
3
75 ¼ EHA1 ð3Þ
The linear compressibility in direction i is deﬁned as the relative
change of strain i with respect to the change of the hydrostatic
pressure dp (Grima et al., 2012), that is,
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dei1 þ dei2 þ dei3
dp
ð4aÞ
where dp is equivalent to the change in the stress, i.e.
dp ¼ dri1 ¼ dri2 ¼ dri3 ð4bÞ
Therefore, Eq. (4a) becomes
bLi ¼
dei1 þ dei2 þ dei3
dp
¼ dei1
dri1
þ dei2
dri2
þ dei3
dri3
¼ Ci1 þ Ci2 þ Ci3 ð4cÞ
which has the dimension of inverse of stress. The area compressibil-
ity in the ij plane is deﬁned as
bAij ¼ bLi þ bLj; i–j ð5Þ
and the volume compressibility as
bv ¼ bL1 þ bL2 þ bL3 ð6Þ
It is noted that Eq. (6) is the summation of the nine constants of the
compliance matrix in Eq. (3), which is numerically equivalent to
twice the strain energy of the microstructure under the unit
hydrostatic stress. Since the strain energy is greater than or equal
to zero, it is clear that for orthotropic materials the volume
compressibility can either be positive or zero.
3. Negative linear compressibility
3.1. Problem statement
A typical optimization problem is usually deﬁned in terms of
the objective function(s) and constraints(s). Here an obvious choice
of the objective function is the linear compressibility in a particular
direction. For example, we may aim to minimize the compressibil-
ity in axis 3, bL3 ¼ C31 þ C32 þ C33. We choose the solid material as
the initial design for the optimization process. For such an initial
design, C31 and C32 are both negative and therefore bL3 can be re-
written as bL3 ¼ ðjC31j þ jC32jÞ þ C33. It is noted that bL3 is initially
positive and one way to ‘‘drive’’ it to become negative is to increase
the weighing of the two negative terms, i.e. bL3 ¼ ðpjC31jþ
pjC32jÞ þ C33 with p > 1. Here p can be regarded as a stress factor
or a penalty parameter: instead of the unit stress ru ¼ f1;1;1g, a
modiﬁed stress r ¼ fp; p;1g is applied during the optimization
process. The lower bound of p is 1, which must be reached on con-
vergence. The upper bound of p is speciﬁed by assuming the linear
compressibility equal to zero, i.e.
bL3 ¼ pupperC31 þ pupperC32 þ C33 ¼ 0 ð7aÞ
In order to maintain the orthotropy of the material, Eq. (7a) is
re-written as
bL3 ¼
1
2
pupperC31 þ pupperC32 þ pupperC13 þ pupperC23 þ 2C33ð Þ ¼ 0
ð7bÞ
and pupper is found to be
pupper ¼  2C33
C31 þ C32 þ C13 þ C23 ð7cÞ
With p 2 ½1;pupper  speciﬁed, the value of p is to be determined.
Because of the same p value being applied to axes 1 and 2, the
resulting material is to be symmetrical to the 45 line in plane 1–2.
Next we discuss what constraints should be included in the
optimization process apart from the volume constraint. As the
NLC design is likely to be very ﬂexible, it is necessary to prevent
the design from becoming singular. In other words, we need to
maintain reasonable stiffness. The stiffness in axis 3 is maintained
by including C33 in the objective function. The stiffness in axes 1and 2 can be considered by specifying a constraint on C11 and
C22, for example, by requiring them to be less than 1/E
, where E
is a prescribed stiffness target.
From the above discussions, the design of NLC materials can be
treated as the following optimization
Minimize bL3 ¼
1
2
ðpC31 þ pC32 þ pC13 þ pC23 þ 2C33Þ ð8aÞ
Subject to C11 6
1
E
ð8bÞ
C22 6
1
E
ð8cÞ
C11 ¼ C22 ð8dÞ
p ¼ 1 and ð8eÞ
XNE
e¼1
Vexe ¼ V ; xe ¼ xmin or 1 ð8fÞ
where V is the prescribed volume, Ve is the volume of element e,
and xe is the design variable, with xe ¼ xmin for void and xe = 1 for
solid.
The Lagrangian function combining the objective function and
constraints is
fL ¼ 12 ðpC31 þ pC32 þ pC13 þ pC23 þ 2C33Þ þ k C11 
1
E
 
þ k C22  1E
 
ð9Þ
Since C11 ¼ C22, the same Lagrangian multiplier k is applied to con-
straints (8b) and (8c).
3.2. Sensitivity analysis of elasticity and compliance constants
The sensitivity of the Lagrangian function with respect to the
design variable is
@fL
@xe
¼ 1
2
ðp@C31
@xe
þp@C32
@xe
þp@C13
@xe
þp@C23
@xe
þ2C33Þþ k @C11
@xe
þ@C22
@xe
 
ð10Þ
which calls for the sensitivity analysis of the compliance constants.
To achieve this, the sensitivity of elasticity constants can be
obtained by using the adjoint method (Bendsøe and Sigmund,
2003). From Eq. (1), the sensitivity of EHij can be expressed as
@EHij
@xe
¼ 1
Ye
Z
Ye
ðe0i
T  eTi Þ
@E
@xe
ðe0j  ejÞdYe ð11Þ
The term @E
@xe
depends on the function used for interpolating the
Young’s modulus E. Here the interpolation scheme is based on the
one proposed by Stolpe and Svanberg (2001), i.e.
EðxeÞ ¼ Eb1 þ xeðEb2  Eb1Þ1þ qð1 xeÞ ð12Þ
where Eb1 and Eb2 are the Young’s moduli of the base materials and
q acts as a penalty factor. Typical values of q are equal to or greater
than 3. For the examples considered in this paper, it is found that
q = 6 gives the best results. The present study is focused on design-
ing cellular materials and therefore one of the base materials is
void, i.e. either Eb1 or Eb2 is approaching zero.
Making use of Eq. (3), the sensitivity of the mean compliance
matrix CH is calculated by using the chain rule, i.e.
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@xe
¼
X3
k;l¼1
@Cij
@EHkl
@EHkl
@xe
ði; j ¼ 1 to 3Þ ð13Þ
which can be calculated analytically by following a series of matrix
operations.
3.3. Sensitivity number
The above sensitivity analysis forms the basis of the sensitivity
number which is used as the search criterion in the BESO solution
process. From Eq. (10), the sensitivity number is deﬁned as
ae ¼  @fL
@xe
ð14Þ
The sensitivity number ae is then ﬁltered through a spherical range
of radius rmin to obtain a weighted ‘average’ (Huang and Xie, 2010),
i.e.
~ae ¼ f ðaeÞ ð15Þ
Taking the centre of a brick element e as reference, the neighboring
elements within the radius rmin are included for the calculation of
the average sensitivity of element e. The contributions from neigh-
boring elements depend on the sensitivity of each element and its
distance to element e. Details of the ﬁltering methodology are pre-
sented in Huang and Xie (2010).
The sensitivity of the compliance matrix is ﬁltered in the same
way, i.e.
@~Cij
@xe
¼ f @Cij
@xe
 
ð16Þ
Assuming there are totally m elements modiﬁed in one iteration,
the increment of CH is then
DCij 
Xm
e¼1
@~Cij
@xe
Dxe ð17Þ
The predicted mean compliance after the modiﬁcation is
C 0ij  Cij þ DCij ð18Þ3.4. BESO procedure
Like most numerical methods based on sensitivity analysis,
BESO performs the search for the optimal solution iteratively until
certain criteria are satisﬁed. Details of the solution procedure are
given below.
3.4.1. Parameters
There are three parameters which control the step length of
iteration, namely the evolutionary ratio ER, the maximum ratio
Rmax and the maximum ratio of added elements ARmax. Assume that
there are totally NE elements in the design domain and the volume
constraint (the target volume) is V . The volumes of the current and
the next iterations are Vk and Vkþ1 , respectively. Vkþ1 is predicted
as Vkþ1 ¼ Vkð1 ERÞ and the threshold for element modiﬁcation is
set as
NEthre ¼ NE Vkþ1 ¼ NE Vkð1 ERÞ ð19Þ
The modiﬁcation according to the threshold is conducted as follows.
First, sort the sensitivity numbers of the NE elements in a descend
order. Then void elements above the threshold NEthre are switched
to solid, and solid elements below the threshold are switched to
void. As a result, the total numbers of elements removed and added
are NR and NA, respectively.The net number of modiﬁed element is NR–NA, which is
positive if the volume is approaching from the initial high value
to the target. A parameter ARmax is introduced to ensure that the
number of added elements in one iteration is not too large, i.e.
when the ratio NA/NE exceeds ARmax, NA is reduced to
NAmax ¼ ARmaxNE.
Also, it is required that the total of NR and NA (or NAmax if
applicable) is not too high, that is,
NRþ NA
NE
6 Rmax ð20Þ
If the ratio is exceeded, the numbers of removed and added
elements are reduced according to the following equations
NR0 ¼ Rmax  NE NRNRþ NA ð21Þ
NA0 ¼ Rmax  NE NANRþ NA ð22Þ3.4.2. The overall procedure
The outer loop of the BESO procedure is as follows:
1. Discretize the periodic base cell with ﬁnite elements and deﬁne
the initial design.
2. Apply the periodic boundary conditions and corresponding unit
strain ﬁelds.
3. For each boundary and unit strain case, conduct ﬁnite element
analysis to obtain the induced strain ﬁeld e.
4. Calculate the elasticity matrix EH and the compliance matrix CH .
5. Determine the stress factor p and the Lagrangian multipliers k
(inner loops), as detailed in Section 3.4.3.
6. Calculate the sensitivity number ~ae using Eqs. (11)–(15).
7. Update the topology of the base cell according to ~ae, using the
threshold and parameters as detailed in Section 3.4.1.
8. Repeat Steps 2–7 until the objective function is stabilized
between iterations.
3.4.3. Stress factor and Lagrangian multipliers
In Eq. (9) the Lagrangian function fL has two unknowns, namely
the stress factor p and the Lagrangian multiplier k associated with
the stiffness constraints. If the constraint is too stringent, i.e. the
value of 1E is too small, the objective compressibility may not be
reduced enough to be below zero. Therefore 1E should be reason-
ably high to allow the structure to be sufﬁciently ﬂexible. In the
early stage of iterations (starting from a solid structure as the ini-
tial design), the structure is quite stiff with the constraint C11 < 1E
being satisﬁed and thus the Lagrangian multiplier is k = 0. Only the
stress factor p needs to be solved at this stage. As the iterations
continue, p will converge to unit and the stiffness will gradually
reduce till C11 becomes greater than 1E. At this point the Lagrangian
multiplier k becomes activated and needs to be solved. Once p and
k are solved, they are averaged between the current and the last
iterations, respectively.
3.4.3.1. Determination of the stress factor. The stress factor p is
solved by a general bi-section method.
1. Calculate the upper bound of p using Eq. (7c). Then the search
range of p is [1,pupper].
2. Assign k = 0 and assign initial value of p = 1.
3. Calculate the sensitivity number ~ae using Eqs. (11)–(15).
4. Obtain an assumed topology which has the volume equal to the
constraint V. This is similar to Step 7 in Section 3.4.2. Now the
threshold is NEthre ¼ NE V . Sort the sensitivity numbers of
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the threshold NEthre are switched to solid, and solid elements
below the threshold are switched to void.
5. For the assumed new topology, estimate the compliance
matrix CVij (i, j = 1, 3) using Eqs. (16)–(18). Calculate the stress
factorpV ¼  2C
V
33
CV31 þ CV32 þ CV13 þ CV23
ð23Þwhere the superscript ‘V’ refers to the volume constraint V.
6. Check the convergence of p using the following criteria:
(a) pV ¼ 1.
(b) If (a) is not satisﬁed, the change in pV between the current
and the last iterations is small.
7. If the above convergence criteria are not satisﬁed, update p
according to the bi-section rule, i.e. if pV > 1, then pmþ1 ¼
1
2 ðpm þ pupperÞ, and the lower bound is reset as plower ¼ pm.
8. Proceed to iteration m + 1. Repeat Steps 3–7 till convergence is
reached. The ﬁnal stress factor is taken as the average of p and
pV .
9. At the convergence of p, also determine whether the following
stiffness constraint is activated,fcon ¼ CV11 
1
E
ð24Þif fcon 6 0, the Lagrangian multiplier is not activated and thus
k = 0.
if fcon > 0, the Lagrangian multiplier is activated. Then proceed
to the next step to determine k, as described
below.
3.4.3.2. Determination of the Lagrangian multiplier. To solve a gen-
eral optimization problem with constraint, a usual method is to
introduce the Lagrangian multiplier k to combine the constraint
with the objective function. The Lagrangian multiplier k will be
kept activated till the constraint becomes satisﬁed. k can be solved
by using a bi-section method where a search range needs to be
speciﬁed. A common practice is that the range is speciﬁed as
[0,1], where a less than unit upper bound signiﬁes that the
constraint is auxiliary to the primary objective and it is not to
‘‘override’’ the objective. In some cases, the upper bound can be
further ﬁne-tuned depending on the feature of a speciﬁc
constraint.
In Eq. (9) it is seen that the constraint entity C11 and its target
1=E are always positive and also that the Lagrangian multiplier k
is non-dimensional. Taking these into account, we can calculate
the relative difference between C11 and 1=E
 based on Eq. (24) as
follows:
fcon
1=E
¼ C
V
11
1=E
 1; ð25aÞ
which can be indicative of the upper bound of the Lagrangian mul-
tiplier k. That is, the further CV11 is from the target 1=E
 (CV11  1=E),
the larger the initial search area should be used. Here we apply a
power of 2 to slightly relax the range and obtain the upper bound
of k as follows:
kupper ¼ C
V
11
1=E
 !2
 1 ð25bÞ
The detailed procedure for determining the Lagrangian multiplier is
given below.1. From Eq. (25b), calculate the upper bound of k.
2. The stress factor is as per the already converged value of unit
p = 1. Assign initial value of k = 0.
3. Calculate the sensitivity number ~ae using Eqs. (11)–(15).
4. Obtain an assumed topology which has the volume equal to
the constraint V, same as Step 4 in Section 3.4.3.1.
5. For the assumed new topology, estimate the compliance
matrix CVjj (j = 1, 3) using Eqs. (16)–(18), from which the value
of CV11 is obtained.
6. Check the convergence of CV11 using the following criteria:
(a) fcon ¼ CV11  1E satisﬁes fcon ¼ 0.
(b) If (a) is not satisﬁed, the change in CV11 between the cur-
rent and the last iterations is small.
7. If the above convergence criteria are not satisﬁed, update k
according to the bi-section rule, i.e.
(a) If fcon > 0, then kmþ1 ¼ 12 ðkm þ kupperÞ, and the lower bound
is reset as klower ¼ km.
(b) If fcon < 0, then kmþ1 ¼ 12 ðkm þ klowerÞ, and the upper bound
is reset as kupper ¼ km.
8. Proceed to iteration m + 1. Repeat Steps 3–7 till convergence
is reached.
3.5. Examples
The following descriptions apply to all examples in this paper
unless otherwise speciﬁed. The ﬁnite element analysis is con-
ducted by using ABAQUS version 10.1. Due to symmetry in three
directions for orthotropic materials, only one eighth of the unit cell
needs to be modeled. The one eighth model is divided into a mesh
of 30  30  30 brick elements (element type: C3D8). The resulting
topology is smoothened based on curve and surface ﬁtting. The tar-
get volume V is 30%. The unit for the compressibility is Pa1.3.5.1. Example 1
In this example, the base materials have Eb1 ¼ 1015 (void) and
Eb2 ¼ 1 (solid) and a common Poisson’s ratio vb ¼ 0:3. It is noted
that for a given target volume V (which is the same as the volume
fraction as the total volume of the unit cell is 1), the maximum
achievable stiffness along a single axis is Emax ¼ VEb2. The stiffness
target is then speciﬁed as E ¼ aEmax ¼ aVEb2 where a is the pre-
scribed stiffness ratio. In this example, a ¼ 0:05 is selected. There-
fore E ¼ aVEb2 ¼ 0:05 0:3 1 ¼ 0:015.
The results are shown in Fig 1. The topology is symmetrical with
respect to the 45 plane perpendicular to plane 1–2 as sketched.
The truss like feature is evident especially in planes 1–3 and 2–3.
The layouts on these two planes are elongated hexagonal honey-
combs when projected, which is also a feature of the dodecahedron
system previously discussed by Grima et al. (2011a).
From the compliance matrix given in Fig. 1, the values for the
effective axial stiffness E1 , E2 and E3 and Poisson’s ratios v12,v23
and v13 are derived. Then the linear compressibility bL3 is calcu-
lated from these constants as follows
bL3 ¼ ðC31 þ C32 þ C33Þ ¼
1
E3
 v13
E1
þ v23
E2
 
ð26Þ
It is seen that to achieve a lower value for bL3, E3 needs to be high
relative to E1 and E2 (here E1 = E2) and the two Poisson’s ratios v23
and v13 are of high values too. The other Poisson’s ratio v12 is neg-
ative (auxetic). As pointed out by Grima et al. (2012), it is possible
to have materials exhibiting negative compressibility in one plane
and be auxetic in others. The linear compressibility bL3 is 44.21
and the volume compressibility bV is 78.41. Therefore, the relative
NLC of the material, which is deﬁned as the ratio between bL3 and
bV , is 0.56.
Fig. 1. Topology and properties of obtained NLC material (Poisson’s ratio vb = 0.3). (a) Unit cell; (b) Array of 2  2  2 cells.
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ibility in the literature. While typical values of NLC for some crystal
materials range from 0:005 109 to 0:02 109 Pa1
(Newnham, 2005), Goodwin et al. (2008) have discovered that
the negative linear compressibility of Ag 3[Co(CN)6] could be
0:2 109 Pa1, which is considered to be remarkably large (in
absolute value). A direct comparison between the material design
shown in Fig. 1 and that of Goodwin et al. is not possible becauseFig. 2. Topology and properties of obtained NLC material (Poissoof lack of accurate material data, especially that of the material
volume fraction. For the purpose of an estimate, here we take
aluminum as the base material with assumed Young’s modulus
Eb ¼ 70 GPa and Poisson’s ratio vb ¼ 0:3. Due to the change of
the Young’s modulus of the base material from 1 to 70 GPa, the
linear compressibility of the design in Fig. 1 can found by scaling,
i.e. 44:21=ð70 109Þ ¼ 0:63 109 Pa1, which is of the same
order of magnitude as that reported by Goodwin et al.n’s ratio vb = 0.49). (a) Unit cell; (b) Array of 2  2  2 cells.
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The base materials are Eb1 ¼ 1015 (void) and Eb2 ¼ 1 (solid). To
represent an incompressible base material (such as silicon rubber
which is used in the additive manufacturing later) the Poisson’s
ratio vb is assumed to be 0.49. The stiffness ratio a is equal to
0.10. Therefore E ¼ aVEb2 ¼ 0:10 0:3 1 ¼ 0:030.
The result is shown in Fig 2. Once again, the topology is similar
to a truss-like system. The linear compressibility bL3 is 17:53.
To verify the above material properties, we conduct a numerical
simulation of a stress test on a model constructed from 8  8  8
unit cells of the above topology. The model is resized to
100 mm  100 mm  100 mm and is meshed with 7424 quadratic
tetrahedral elements (ABAQUS element type C3D10I). A hydrostatic
pressure P = 1.44  103 is applied through rigid plates attached to
the six faces.Displacements at the rigidplates are extractedand then
strains are calculated, which result in e1 = e2 = 41.39  103 and
e3 = 24.69  103, respectively. Normalizing these strains by the
pressure P gives the following values of linear compressibil-
ity:bL1 = bL2 = 28.74 and bL3 ¼17.15, which are very close to the
values given in Fig. 3, with differences being less than 4%. The
discrepancies are attributed to the different ﬁnite element models
used for the unit cell and the array of 8  8  8 cells.
4. Negative area compressibility
4.1. Problem statement
When addressing the NLC problem, we have introduced a stress
factor p to drive the linear compressibility bL3 to zero and then
towards minimum. A similar strategy is used for NAC. Here the
design objective is to minimize bA23 ¼ bL2 þ bL3 and it is assumed
that bL2 ¼ bL3. In order to make the material shrink more in axes
2 and 3, a larger stress is applied in axis 1 during the early stages
of the optimization process. Therefore, a stress vector incorporat-
ing the stress factor p is deﬁned as r ¼ fp;1;1g, where pP 1.
The compressibility of the material under this stress is rewritten as
bL3 ¼
1
2
ðpC31 þ C32 þ pC13 þ C23 þ 2C33Þ ð27aÞFig. 3. Topology and properties of obtained NAC material (Poisson’s rabL2 ¼
1
2
ðpC21 þ C23 þ pC12 þ C32 þ 2C22Þ ð27bÞ
with C21 ¼ C31 and C33 ¼ C22 ð27cÞ
For the same reason as given in Section 3.1, the upper bound of p
can be obtained by setting bL3 ¼ 0, i.e.
pupper ¼ C32 þ C23 þ 2C33
C31 þ C13 ð28Þ
With p 2 ½1;pupper  speciﬁed, the value of p is to be determined using
the bi-section method described in Section 3.4.3.1. After a number
of iterations, p will converge to 1.
The optimization problem for designing NAC materials is stated
as
Minimize bA23 ¼ bL2 þ bL3 ð29aÞ
Subject to C11 P
1
E
ð29bÞ
p ¼ 1 ð29cÞ
XNE
e¼1
Vexe ¼ V ; xe ¼ xmin or 1 ð29dÞ
The Lagrangian function is
fL ¼ 12 ðpC31 þ C32 þ pC13 þ C23 þ 2C33Þ þ
1
2
ðpC21 þ C23
þ pC12 þ C23 þ 2C22Þ þ kðC11 
1
E
Þ ð30Þ
Similar to the Lagrangian function for NLC optimization given in
Eq. (9), the above equation has two unknowns, namely the stress
factor p and the Lagrangian multiplier k. The same methodology
as detailed in Section 3.4.3 for NLC is used to solve these two
unknowns. Then the same overall procedure of Section 3.4.2 is
followed to ﬁnd the optimal NAC design.tio vb = 0.3 and stiffness ratio a = 0.05). (a) Unit cell; (b) Half cell.
Fig. 4. Topology and properties of obtained NAC material (Poisson’s ratio vb = 0.3 and stiffness ratio a = 0.02). (a) Unit cell; (b) Half cell.
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4.2.1. Example 1
The base materials are assumed to have Eb1 ¼ 1015 and Eb2 ¼ 1
and a common Poisson’s ratio vb ¼ 0:3. Two cases are considered:
in Case 1 the stiffness ratio a ¼ 0:05 and in Case 2, a ¼ 0:02.
The result for Case 1 is shown in Fig 3. Now the topology is
symmetrical with respect to the 45 plane perpendicular to plane
2–3. The stiffness in axis 1 is E1 ¼ 0:015 which is the same as that
of the NLC design in Section 3.5.1 because both designs have the
same stiffness constraint. The compressibility of the NLC design
bL3 is equal to 44.21 as compared to here bL3 = bL2 = 4.767. It is
noted that the absolute value of the compressibility of the NAC
material is signiﬁcantly smaller than that of the NLC material, even
though they have the same stiffness in one direction.
To increase the absolute value of NAC, we relax the stiffness
constraint by reducing the stiffness ratio from 0.05 (Case 1) to
0.02 (Case 2). The result is shown in Fig. 4. The area compressibility
bA23 is 25.40 as compared to 9.534 in Case 1. With the structure
being more ﬂexible, there is only a small portion of continuous
surface and truss-like features are revealed.
4.2.2. Example 2
Corresponding to the NLC example in Section 3.5.2 with an
incompressible base material, now we design a NAC materials
under the same conditions. The result is shown in Fig 5. The
topology features thin-walled continuous components. The area
compressibility of the material bA23 is equal to 3.448 and E1 has
reached the target value of 0.03.
5. Zero linear compressibility
5.1. Problem statement
Here we assume that the material is under unit hydrostatic
pressure and one way to measure its overall stiffness is the strain
energy, i.e. P ¼ 12
P
i¼1;3
j¼1;3
Cij. To design the stiffest material with zerolinear compressibility (in axis 3), we state the optimization prob-
lem as
Minimize P ¼ 1
2
X
i¼1;3
j¼1;3
Cij ð31aÞ
Subject to bL3 ¼ 0 ð31bÞ
bL1 ¼ bL2 ð31cÞ
XNE
e¼1
Vexe ¼ V ; xe ¼ xmin or 1 ð31dÞ
The Lagrangian function is
fL ¼ 12
X
i¼1;3
j¼1;3
Cij
0
B@
1
CAþ 1
2
kðC31 þ C32 þ C13 þ C23 þ 2C33Þ þ k12ðbL1  bL2Þ
ð32Þ
Due to the cubic symmetry of the initial design, bL1 ¼ bL2 is satisﬁed
from the beginning and thus the last term in the above equation
vanishes. The ﬁrst multiplier k is solved by using the bi-section
method as detailed below.
5.2. Solving the optimization problem
The overall procedure (outer-loop) follows a similar procedure
to that of NLC as described in Section 3.4.2. For NLC, the inner loop
is for solving either stress factor p or the Lagrangian multiplier k.
Here for ZLC, in the inner loop only k is to be solved by iteration
and p is subsequently calculated based on the solution of k. For
the sake of clarity, we present the procedure for the inner loop
as follows.
1. Assign the range of the Lagrangian multiplier k. Recalling the
discussion in Section 3.4.3.2, we have calculated the range of
k by considering the constraint entity C11 to be non-zero. Here
Fig. 5. Topology and properties of obtained NAC material (Poisson’s ratio vb = 0.49 and stiffness ratio a = 0.10). (a) Unit cell; (b) Half cell.
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value is zero, the constraint bL3 cannot be normalized. There-
fore, we simply assume the range of the Lagrangian multiplier
k as [0,1], i.e. assign klower and kupper as 0 and 1, respectively.
2. Assign the initial value of k to be equal to 0.
3. Calculate the sensitivity number ~ae using Eqs. (11)–(15).
4. Obtain an assumed topology which has the volume equal to the
constraint V, in the same way as in Step 4 in Section 3.4.3.1.
5. For the assumed new topology, estimate the compliance matrix
CVij (i, j = 1, 3) using Eqs. (16)–(18). Calculate the compressibility
bVL3.
6. Check the convergence of bVL3 using the following criteria:
(a) bVL3 satisﬁes b
V
L3 = 0.
(b) If (a) is not satisﬁed, the change in bVL3 between the current
and the last iterations is small.
7. If the above convergence criteria are not satisﬁed, update k
according to the bi-section rule, i.e.
(a) If bVL3 > 0, then k
mþ1 ¼ 12 ðkm þ kupperÞ, and the lower bound is
reset as klower ¼ km.
(b) If bVL3 < 0, then k
mþ1 ¼ 12 ðkm þ klowerÞ, and the upper bound is
reset as kupper ¼ km.
8. Proceed to iteration m + 1. Repeat Steps 3–7 till convergence is
reached.
9. On convergence, assuming that a stress vector r ¼ fp; p;1g is
applied to the material so that bVL3 = 0, calculate the stress
factor as
pV ¼  2C
V
33
CV31 þ CV32 þ CV13 þ CV23
ð33Þ
pV is then used to modify the Lagrangian function as follows
fL ¼ 12
X
i¼1;3
j¼1;3
Cij
0
B@
1
CAþ 1
2
kðpVC31 þ pVC32 þ pVC13 þ pVC23 þ 2C33Þ ð34ÞThis function is used to calculate the sensitivity of the subsequent
iteration in the outer-loop.
5.3. Example
We use the example in Section 3.5.1 to demonstrate the effect
of the zero compressibility criterion. First we design the material
for the minimum strain energy (i.e. maximum overall stiffness)
without any constraint on linear compressibility. The result is
shown in Fig 6. The topology is cubic symmetric. The strain energy
is 4.87 and the linear compressibility bL3 is 3.250.
The design with constraint on the linear compressibility, i.e.
bL3 ¼ 0, is shown in Fig. 7 which has an increased strain energy
of 6.33. The linear compressibility bL3 equals 0.002, which is very
close to zero. This indicates that the proposed numerical algo-
rithms work effectively in driving the solution towards to the
ZLC design.
6. Zero area compressibility
6.1. Problem statement
Minimize P ¼ 1
2
X
i¼1;3
j¼1;3
Cij ð39aÞ
Subject to bL3 ¼ 0 ð39bÞ
bL2 ¼ 0 ð39cÞ
XNE
e¼1
Vexe ¼ V ; xe ¼ xmin or 1 ð39dÞ
The Lagrangian function is
Fig. 6. Topology and properties of a material design with the minimum strain energy. (a) Unit cell; (b) Half cell.
Fig. 7. Topology and properties of a material design with zero linear compressibility. (a) Unit cell; (b) Half cell.
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X
i¼1;3
j¼1;3
Cij
0
B@
1
CAþ 1
2
kðC31 þ C32 þ C13 þ C23 þ 2C33Þ
þ 1
2
kðC21 þ C23 þ C12 þ C32 þ 2C22Þ ð40Þ6.2. Solving the optimization problem
The procedure to solve the Lagrangian multiplier is similar to
that in Section 5.2. For Step 9 in calculating the stress factor, the
stress vector assumed here is r ¼ fp;1;1g, where pP 1. By setting
bL3 ¼ 0 and bL2 ¼ 0, the stress factor is
pV ¼ C
V
32 þ CV23 þ 2CV33
CV31 þ CV13
¼ C
V
23 þ CV32 þ 2CV22
CV21 þ CV12
ð37Þ
which is used to modify the Lagrangian function as follows
fL ¼ 12
X
i¼1;3
j¼1;3
Cij
0
B@
1
CAþ 1
2
kðpVC31 þ C32 þ pVC13 þ C23 þ 2C33Þ
þ 1
2
kðpVC21 þ C23 þ pVC12 þ C32 þ 2C22Þ ð38Þ
This function is used to calculate the sensitivity of the subsequent
iteration in the outer-loop.
6.3. Example
Corresponding to the ZLC example in Section 5.3, now we
design the material to the ZAC criterion. The result is shown in
Fig 8. The strain energy is 7.00, which is higher than that of ZLCFig. 8. Topology and properties of a material design with(6.33). This is because of the additional constraint on bL2 compared
to the ZLC design. The area compressibility bA23 is equal to 0.002,
which is negligibly small (in terms of its absolute value) compared
to that of the NAC design shown in Fig. 4 (25.40).
7. Prototyping and experimental validation
7.1. Prototyping
The NLC design shown in Fig. 2 is obtained by assuming a nearly
incompressible base material with a Poisson’s ratio of 0.49. A bulk
material model is constructed from 8  8  8 unit cells of this
topology. The model is resized to 100 mm  100 mm  100 mm.
Using a 3D printer (Object Connex350), we have fabricated the
model with a silicone-based rubber material (TangoPlus) and a
support material in lower density. After the support material has
been carefully removed, we obtain an accurate prototype of the
NLC material design as shown in Fig. 9. In the following discus-
sions, X, Y and Z directions correspond to axes 1, 2 and 3, respec-
tively. The material properties of the TangoPlus material are
measured through standard compression test on three printed
cylindrical samples, with the true strain up to 0.70. The results
indicate that the constitutive behavior of the base material can
be accurately represented by a linear elastic model. It is found that
the Young’s modulus is 1.05 MPa and the Poisson’s ratio is 0.48.
These values are used in the FE simulations described below.
7.2. Uniaxial compression test
The effectiveness of our design is ﬁrst validated by comparing
the compliance matrices between designed values to those
obtained from uniaxial compression tests as well as FE simulations.zero area compressibility. (a) Unit cell; (b) Half cell.
Fig. 9. Different views of a NLC material prototype under uniaxial compression. (The horizontal and vertical scale bars are all 10 mm). (a) XY face; (b) YZ face; (c) ZX face.
Table 1
Comparison of compliance matrices of one optimal design of NLC materials (the
parameters used in the optimization process are bL1 = bL2 = 27.67, bL3 = 17.53,
E1 = E2 = 0.030, E3 = 0.037, v12 = -0.497, v23 = v13 = 0.666. The bulk material used in
experiments and FE model has a dimension of 100 mm  100 mm  100 mm).
C Matrix
Unit cell (Fig. 2) 33:302 16:538 22:171
16:538 33:302 22:171
22:171 22:171 26:807
2
4
3
5
8  8  8 cells, FE results 36:843 15:431 23:282
15:431 36:835 23:281
23:217 23:175 29:632
2
4
3
5
8  8  8 cells, experimental results 39:68 13:17 21:03
13:17 39:68 21:03
22:79 22:79 31:43
2
4
3
5
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to obtain the Young’s modulus and the Poisson’s ratio for each
direction. Firstly, we conduct standard uniaxial compression tests
in the X, Y or Z direction separately. As shown in Fig. 9, 20 high-
lighted spots on each surface of the specimen are tracked using
camera to obtain information for calculating the Poisson’s ratio.
The Young’s modulus is calculated from the slope of the stress–
strain curve.
Also, linear elastic ﬁnite element analyses of the bulk material
model with 8  8  8 cells are performed by compressing the spec-
imen between two rigid plates. From the FE results, the effective
compliance matrix of the material can be calculated in a similar
way as in the experiments. The compliance matrix for the unit cellFig. 10. Deformed shape of NLC material under triaxial compression. (The horizontal an
5 kPa from experiment; (b) Deformed shape at hydraulic pressure of 5 kPa from FE modand the effective compliance matrices for the model with 8  8  8
cells from both experimental and FE results (all normalized with
respect to the Young’s modulus of the base material) are given in
Table 1. It is seen that the FE results agree reasonably well with
the experimental data.
It is noted that the C matrix for the unit cell and that of the
8  8  8 cells (FE results) are also similar. The discrepancies are
mainly attributed to different boundary conditions. For the unit
cell, periodic boundary conditions are applied; while for the bulk
material model, all nodes on top and bottom surfaces are only
allowed to move in the loading direction.7.3. Triaxial compression test
In order to examine the behavior of the NLC design under uni-
form pressure, we perform a triaxial compression test using a stan-
dard triaxial test machine commonly used for soil testing under
hydraulic pressure. Firstly the prototype is put inside a sealed plas-
tic bag, to which a plastic tube of 2 mm in diameter is connected.
Then, the sealed specimen was placed inside the sealed chamber
and the plastic tube was connected to the releasing valve con-
nected to the ambient atmosphere at the bottom of the chamber.
The internal pressure inside the specimen was kept as 0.1 MPa
(ambient pressure in the room) by releasing the air to the atmo-
sphere when the volume of the specimen became smaller during
the test. The uniform pressure in the chamber was gradually
increased from 0 to 5 kPa with a rate of 0.416 kPa per minute.d vertical scale bars are all 10 mm). (a) Deformed shape at a hydraulic pressure of
el. The color shows the level of the Von-Mises stress.
Fig. 11. Comparison of strain–pressure history between FE results and experimen-
tal data for NLC material under uniform pressure.
4050 Y.M. Xie et al. / International Journal of Solids and Structures 51 (2014) 4038–4051The pressure history was recorded by the inbuilt software to
control the test equipment and the deformation of the specimen
was recorded by a camera at a rate of approximately 1 frame per
minute. Similar to the uniaxial compression test, the strain of the
specimen were obtained by the average of 20 highlighted spots.
The ﬁnal deformed shape of the material at 5 kPa is given in
Fig. 10(a). It is seen that the original cube has become narrower
and taller under uniform pressure – a clear sign of the NLC effect.
To reveal more detailed information of the NLC behavior
observed in the experiments of our optimal design, numerical sim-
ulations were carried out using the commercial Finite Element
(FE) software package ABAQUS (Simulia, Providence, RI). To capture
the large deformation observed in the experiment, ABAQUS/Explicit
solver was used for the nonlinear analysis in order to take into
account effects large deformations and complex contacts. A bulk
material model with 8  8  8 unit building cells and three mem-
brane sheets were modeled to simulate the bulk NLC material and
sealing bag in the experiments. The base material is assumed to be
linear elastic, with Young’s modulus E0 ¼ 1:05 MPa and l0 ¼ 0:48.
Quadratic solid elements of the secondary accuracy (element
C3D10R with a mesh sweeping seed size of 0.4 mm) were used for
the NLC bulk material. The plastic bag is modeled using membrane
elements, with thickness t = 0.2 mm, Young’s modulus E0 ¼ 6 MPa
and l0 ¼ 0:48. A surface to surface contact with pressure-overclo-
sure of ‘‘hard Contact’’ and a penalty tangential behavior was used
to model the interaction between membrane and the NLC block.
The friction coefﬁcient was set to 0.1. The pressure with a constant
loading rate was applied to the membrane and was transferred to
the NPR block by the interaction between them. The strain of the
specimen was obtained by tracking the displacement of 20 nodes
with a similar location as they were in the experiments.
The deformed shape of the model at 5 kPa from the FE simula-
tion is given in Fig. 10(b), which is very similar to the experimental
result shown in Fig. 10(a). Furthermore, the average strains in X
and Z directions from the experiment and the FE simulation are
given in Fig. 11. The experimental data agree reasonably well with
the FE results. It should be noted that the pressure increment at the
beginning of the test was not so stable due to the system error of
the test machine when the pressure was less than 2 kPa.
8. Conclusions
In this paper we have presented a general numerical technique
for the design of orthotropic materials with negative or zero com-
pressibility. Four types of materials have been considered in this
study, namely negative linear compressibility (NLC), negative areacompressibility (NAC), zero linear compressibility (ZLC) and zero
area compressibility (ZAC). In addition to the compressibility crite-
ria for designing these materials, stiffness constraints are applied
to rule out singular or mechanism type of structures. Depending
on the magnitudes of the stiffness constraint, different microstruc-
tural designs of the material can be obtained.
For NLC and NAC designs, either a compressibility criterion or a
stiffness constraint is applied in each of the three orthogonal direc-
tions. For ZLC and ZAC designs, the overall stiffness is considered as
the objective function.
With the same value of stiffness constraint, the NLC effect is
more pronounced than that of NAC. Compared to a baseline mate-
rial design obtained from minimizing the strain energy (which is
equivalent to maximizing the overall stiffness), the strain energies
of the ZLC and ZAC designs are signiﬁcantly higher. Topologies for
both ZLC and ZAC exhibit largely continuous surfaces. With the
compressibility further reduced from zero to negative (NLC and
NAC), the topologies reveal more truss-like features which enable
more ﬂexibility and thus more pronounced compressibility.
The above materials are designed by using the homogenization
theory and topology optimization. The optimization method is
based on bi-directional evolutionary structural optimization
(BESO). A prototype of a NLC design has been fabricated using a
3D printer and tested under both uniaxial and triaxial loading con-
ditions. The experimental data agree reasonably well with the
numerical results. This research has demonstrated the feasibility
of designing and fabricating metamaterials with negative or zero
compressibility and paved the way towards their practical
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